We use the recent discovered x − ψ duality to parameterize spacetime in terms of wave functions and quantum prepotentials. The components of metric, connection, curvature, Ricci tensor and scalar curvature as well as Einstein equations in this parameterization are given.
potentials which depend only on x µ , φ and the second derivatives of the scalar field [8] . Any of these equations has another solutionφ µ linearly independent from φ. This solution is used to define the quantum prepotentials F µ (φ µ ) as in [7] through the relatioñ
The quantum prepotentials defined as above are fundamental objects as they contain all the information about the quantum theory. It is known that F µ 's satisfy a set of independent equations:
for µ = 0, 1, · · · , d − 1, where
has the same content as Klein-Gordon equation [8, 9] . It is worthwhile noticing that all these relations, from Eq.(1) to Eq.(3) hold for any value of energy from the physical spectrum of the scalar field. Therefore, φ µ and F µ should have had an extra index to show the value of the energy. We drop it for the sake of simplicity in notation so that the ideas be more transparent.
We aim at using x − ψ duality to describe the geometry of spacetime in terms of {φ µ } and quantum prepotentials {F µ } which throughout this article are generically named quantum objects. To this end we use the fact that R d plays a dual role: on one hand it is the scene on which the quantum theory of the scalar field lives and on which it is always well-defined. On this scene
x − ψ duality generates coordinates from quantum objects or vice-versa and in this sense we can say that R d becomes physical. On the other hand R d is used to parameterize locally spacetime.
This can always be done if spacetime is modeled by a d-dimensional differentiable manifold and the method of doing that is standard in differential geometry [10, 11] . If we name the space of quantum objects (φ, F ) by Q d we see that there are two fundamental relationships: x − ψ duality between Q d and R d and the coordinate map between R d and M. It is the composition of these two which allows us to represent the geometric structure of spacetime in terms of quantum objects. In other words, as Eq. (1) shows, R d and Q d are dual to each other and the consequence is that any geometrical object defined on M ( as metric, connection or curvature) and which has components in x-representation must also have components in ψ-representation. Although these ideas seem quite natural, it is fair to say that the mathematical structure of Q d is not well known to date. This has several consequences as, for example, the fact that { ∂ ∂φ µ } and {dφ µ } might not have an obvious geometrical interpretation as vector fields and one forms, respectively, on Q d . However, the situation is not so bad since Q d must have nice, or at least not unusual,
properties because x − ψ duality is of Legendre type. The main consequence to us is that, due to this formal definition of Q d , the mathematical calculus throughout this article has a formal character. For a more extended discussion of this issues as well as for mathematical derivations of the relations presented here, which are length enough, the reader is relegated to [12] .
Let us begin with a d-dimensional differentiable manifold M endowed with a metric g and a flat metric connection ∇ and which is a solution of Einstein equations in the absence of matter.
Assume further that M is locally parameterized by R d on which the scalar field φ is defined.
As we saw before, R d is dual to Q d by virtue of x − ψ duality defined through Eq.(1). For the beginning we compute the components of the metric g in ψ-representation, i. e. as functions of (φ, F ). From Eq. (1) we can easily see that:
where
In writing Eq(4) no summation over µ should be taken, E µ playing merely a role of a coefficient. From the standard definition of the coefficients of a metric in differential geometry [10, 11] we can easily deduce that the coefficients of the metric in ψ-representation are given by
are the coefficients of the metric in x-representation when x is expressed in terms of (φ, F ) through x − ψ duality which is precise the meaning of the bar over an object. We must be careful in maintaining the geometrical character of the objects with which we deal on the manifold M. This is reflected in the usual relationships among coefficients that must hold in x-representation but the same might not be true in ψ-representation. This is a reflection of the fact that x − ψ is not a coordinate transformation. We must emphasize that G µν have no geometrical meaning on Q d which has an indefinite structure. The matrix G µν simply represent the coefficients of the metric in terms of quantum objects. This metric is invertible as long as the inversion is defined in such of way that it does not alter the geometric structure of the metric on M. Formally, from Eq. (5) we obtainḡ µν in terms of G µν . As in Eq.(4) no summation over µ, ν is understood. In fact, the position of the indices on E is irrelevant since E µ are Q d objects.
The connection is represented in our case by Christoffel symbolsΓ µ αβ which can be constructed from the coefficients of the metricḡ µν in the usual way [10, 11] . Using Eq. (4) and Eq. (5) we can obtain Christoffel symbols in terms of G µν , E µ (φ µ , F µ ) and
Christoffel symbols in ψ-representation. The result is:
where G µν is the inverse of G µν in the usual sense, i.e. G µν G νρ = δ As Christoffel symbols, the coefficients of curvature tensorR µ ανβ are defined in xrepresentation in the standard manner [10, 11] . That ensures us that the tensorial character of curvature is not altered by our formal construction. After some tedious calculations, the coefficients of curvature in ψ-representation denoted by R µ ανβ can be given in terms of G, φ, F only.
The result is given here for completeness:
where the sums are to be taken over τ ,ρ and ω. A 
and
In Eq.(8) the sums are to be taken over α, β and µ , while in Eq.(9) the sums are to be taken over all indices.
With the last results at hand, a first form of Einstein equations in the absence of any matter defined on M, with all terms present in it, is given by
where all indices are summation indices with except of σ and ν. We see that several terms in Eq. (10) are redundant and that in fact the solution of these equations do not depend onh and the mass of the scalar field. In fact, if we consider that for an arbitrary metric the coefficients of G αβ must in general be set to zero, Einstein equations in ψ-representation are given by:
where the only summation index is µ . Eq. (11) allows us to determine the coefficients of the metric tensor on M in terms of the quantum objects (φ, F ), that is in ψ-representation. Using (5) the usual coefficients of the metric in x-representation can be obtained as a consequence of x − ψ duality. However, a method of solving Eq.(11) which are obviously nontrivial, is not known to the author. The existence of some matter fields on the spacetime manifold M was left out of our discussion because of several problems that appear in this case. First, a classical matter field which is described by a presumably tensorial object can be formally introduced in the right-hand side of the Eq.(11) like in general relativity since, in principle, the components of any tensor can be formally expressed in ψ-representation exactly as the components of the curvature tensor. However, it would be fair to give a method of constructing such of tensor, like the variational principle for example. But this is not a trivial problem. Secondly, if we assume that some quantum system lies on M, then the problem is even more complicate because it is more difficult to represent a quantum matter in ψ-representation. For other discussions on these problems, the reader is relegated to [12] .
In summary, in our approach the relativistic quantities which are expressed by different geometrical objects remain unchanged, i.e. they are defined by the relations given by the differential geometry and are subject to its rules, while the space R d used to parameterize spacetime manifold becomes "physical" in the sense that it hosts a quantum theory. This implies a major change in the way the relativistic quantities are thought because now a duality between coordinates and quantum objects exists. That is reflected in the possibility of constructing a quantum parametrization of spacetime and implicitly of the relativistic physical quantities. The existence of x − ψ duality might thus be a new point of view on the concept of quantum gravity.
